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Symmetry Coupling Coefficients for Point Groups
and the Importance of Racah’s Lemma
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Useful approaches to the calculation of symmetry coupling coefficients <I'yy I',y,|I'yb) are
reviewed. Since a common phase factor always remains undetermined for each trio of I';, I';, and I, a
unique standardization of phase is proposed by the requirement, in Racah’s lemma,

(il a4.j,T50,|jTab) 20 and real.
In conjunction with the basis relations and the phase convention for Wigner coefficients, a novel
method is suggested for the calculation of symmetry coupling coefficients in the group G from those in
the subgroup G € SU(2) or R;. The results apply in full generality to any point group G, single or double
group.
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1. Introduction

The coupling of two ket vectors |j;m,;> and |j,m,) transforming, respectively,
as the irreducible representations D’* and D’> of the special unitary group SU(2)
or the three-dimensional rotation group R; may be easily accomplished by the
well-known relation

[im) = z Vymy pliamy > jymyjomolim) . (1)
Here, the resulting ket vector |jm) transforms as a member of the sum in the direct
product itz
Dit x Di2 = z Dl (2)
i=lji1—J2l
The coupling coefficients {j,;mj,m,|jm) for the group SU(2) or R, appearing in
Eq. (1) are usually called Wigner coefficients. These quantities are easily evaluated
following standard procedures [1—3] and their general phase factor is fixed by the
requirement [4]

G —Jilii> 20 and real 3)
which is equivalent to the original phase convention due to Wigner [3]*
{2 —Jaliji—Jj> =20  and real €y

! The customary phase convention of Condon and Shortley [5]
Grjvdadalis +iasdi+iy = +1
Gidajmljizlijasi—1,my >0  and real
is implicitly included in Eq. (3).
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If a finite subgroup G of SU(2) or R; is considered, G C SU(2), R5, basis func-
tions |I'; y,» and |I', y,> which transform, respectively, as the irreducible represen-
tations I'; and I, of G may be coupled to yield another function |I'yb) where the
irreducible representation I' occurs in the direct product

rxy=YnT;. o)
The coupling relation may then be written

\Lyby =Y Loy L)< Dy Tyb) (6)

V1,72

where the quantities <I',y, I, 7,|I'yb) are called symmetry coupling coefficients.
The additional label b is introduced whenever the reduction according to Eq. (5)
produces the irreducible representation I' more than once. Similar to the Wigner
coefficients, the numerical calculation leaves a general phase factor undetermined.
In particular, the phase convention chosen for the Wigner coefficients, viz. Eq. (3)
or Eq. (4), does not automatically fix the additional phase factors within G C SU(2),
R,.

? Symmetry coupling coefficients have been calculated on the basis of group
theoretical methods by various authors [6—12]. Phases were fixed arbitrarily and,
consequently, there are almost as many phase conventions as authors, although
the convention actually employed has rarely been explicitly stated. Some of the
phase conventions suggested or in use have been applied to special cases only
[6, 8, 11] or have limited utility for other reasons. In addition, the recent proposal
of so called phase-fixed 3-I" symbols [12] implies the erroneous notion of a defini-
tion of phase based on physical principles.

It is obvious that a standardization of the general phase factor is not a neces-
sary requirement and has, in particular, no consequence for the physical properties
of the systems under consideration. Nonetheless, a definite standardization of
phase is of certain convenience since actual computations are facilitated and the
results of various authors may be related. The resulting advantage is demonstrated
perhaps best by the general acceptance of the phase convention due to Condon
and Shortley for the group R;.

In point groups, a situation similar to that in the group R; has not been achiev-
ed so far. Therefore, in this paper, we investigate the available methods for the
determination of the coupling coefficients {I'; y; I, ,{Iyb> in an arbitrary group
G and the necessary conditions for the standardization of phase. This is accom-
plished by first studying the transformation behaviour of the basis functions |jm)
within a subgroup G CSU(2), R;. The new basis functions |jI’ya) thus formed
belong to certain irreducible representations I' of G C SU(2), R; and the label a is
similar to b above except that it refers to the reduction DV = Y g, I;. If two of these

functions are coupled as in Eq. (6), a new coupling coefficient {j;I'iy a,,
Jjalava,ljlya)y is defined. On the basis of Racah’s lemmma, this coefficient is
related to the quantity {I';y, I, y,| I'yb) defined above. The lemma may then be
employed for a unique standardization of phase of the coupling coefficients
Ty Ty | Tyb). Subsequently, the coefficients {I'y y; I', 3, | Iy b) may be calculat-
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ed using the lemma from the related coefficients {j, I'y y; ay, j, [ % a, | j Iy ay within
the group G C SU(2), R;. In this procedure, the basis relations and the phase con-
vention for the Wigner coefficients are employed, in addition. To demonstrate the
usefulness of the present method, the resulting coupling coefficients for the groups
D5 and D% are presented.

2. The Calculation of Symmetry Coupling Coefficients

The symmetry coupling coefficients defined in Eq. (6) conform to the orthogon-
ality relations

XAy L Dyyd Tvn Ly | T 0D = 8(5 1) 6(57) (b, D), (7)

Y1,72

Y T Lan | Tyby<TybI T vy T va) =6(y1,71)6(2,75) - )

I.y,b

Multiplication of Eq. (6) by <I'yb|I';y,I,7,> and summation over I', y, and b
produces the inverse relation

IF1V1>IF2?2>=FZb|FVb><FVb|F1V1F2V2>- 9
5P

The number of linearly independent product functions |I'yb) is determined by

= %;mm 1R 1r(RY* (10)

where g is the order of the group and the summation extends over the operators R
of the group.

The products of the basis functions {I';y,> and |I,y,> in Eq. (6) transform
under an operation R of the group according to the direct product matrix

D(R)=T(R)x I';(R). (11)

On the other hand, the coupled functions | I'y b> transform according to the matrix
I'(R) which is in block diagonal form, consisting of the matrices I';(R)-of Eq. (5)
along its main diagonal. The representation matrices are related by

TR =U"DR)U. (12)

The symmetry coupling coefficients are now the elements of the unitary transfor-
mation matrix U, i.e.

Kb yy Ly, y =<y Dy | Ty by*. (13)

In matrix component form, Eq. (12) may be written as

Z Iyb|I'iy F2?2>D§iyi(R)D%y'z(R)<F1 Vil | T'y'b

V1,72

Y102 , ) (14)
=D§},,(R)5(F,F)5(b,b).
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Multiplication by (I, y{ I, y5|I'yb> and summation over I, y, and b gives a set of
homogeneous linear equations

Z Dy (RYDy2, (RYKT i Ty 35| Ty'b)y = 3 (L Ty | Ty by D (R) - (15)
VisY2 ¥
which may be employed to the actual calculation of the coupling coefficients
Iy Iy Tyby. This is the method used previously [9, 10, 13]. However, a
simple relationship obtains only if the label b is not required, i.e. if np=1. If, on
the other hand, ny > 1, the situation is more complex [13]. It should be noted
that, for each arrangement of the symbols I';, I',, and I, and each b, an arbitrary
phase factor remains undetermined.

Another approach is provided by the projection operator technique. A pro-
jection operator PL., operates on the basis function | I'y") according to

P IT"y"> =1y >8I, T")3(,7") (16)

to give the same function, a partner function or zero. Considering the case where
the representation I' is contained only once in the direct product I'; x I', one may
write

d
Py, = j (¥ IR|T'y>*R (17
R

where dr is the dimension of representation I" and g is the order of the group.
Operating with PL, on the product function |I'yy,>|T',7,)> of Eq. (9) generates a
function belonging to the y'-th row of irreducible representation I

Pg'y!F1V1>lF2V2>=|FV(><FY|F1“/1F2V2>' (18)

In the general case, the reducible product representation may contain I' more
than once, i.e. ny > 1, and, therefore, a linear combination is obtained

PLAT y ) Tapy =Y |Ty bY<Tyb| Iy Iy (19)
b

The operators R of the group transform the basis functions {I';y,> and |I;7,)
according to

Ry = 2 ALy KTyt RITp (20)
1

where (I';y1|R|I'yy,> are matrix elements of irreducible representation I',. In-
troducing Eq. (17) and Eq. (20) into Eq. (19) produces

d
SATYbYKTybIDyn Dy = — 3 Ty s> Y KTy v IRIT 3D
b Y1 Va2 R
Y17 (21)
D95 |RID, 1, KTy |RITY)*.

Application of Eq. (6) to |[I'y'b) gives therefrom an expression for the symmetry
coupling coefficients

’ ’ 7 d
Zb<F1 Ny DY by Lyb| Py Iy = j;Dﬁ‘yl(R)Dﬁiyz(R)D%(R)*- 22
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If np= 1, the sum over b disappears and provided one lets y{, 75, and 7" assume all
possible values while keeping y;, 7,, and y fixed, all the coupling coefficients are
obtained with the proper phase relations. A common phase factor is still, of
course, arbitrary.

In the general case, the known sum over group representations on the right
hand side of Eq. (22) depends rather on a combination of n; of these coefficients.
Nonetheless, there is no serious problem of how to obtain the coupling coefficients.
Thus one may operate with P, on n, different product functions |I'yy, >[I 7,)
according to Eq. (19) and Eq. (21). In this way, n, different functions |I'y'b) are
obtained, all of them transforming according to representation I'. Although, in
general, these functions are not orthogonal, an orthogonal set of n; linearly in-
dependent functions may be obtained by any one of the usual orthogonalization
procedures. If these functions are introduced into Eq. (19), the summation dis-
appears and the required n; coupling coefficients are produced in turn. In this
case, considerable arbitrariness in the choice of the functions | I'y’ b) remains and,
therefore, the label b represents a running index only.

A more desirable procedure is to generate a set of functions |I'yb)> which are
eigenfunctions of some operator such that every value of b corresponds to a dif-
ferent eigenvalue. Often, the angular momentum operator j is employed in this
way [7, 11]. Then, Eq. (22) is still applicable, although

Dy, (Ry=<I'YjIRITy)Y . (23)

Alternatively, it is often possible to differentiate functions |I'yb) equal in I’
and y by their transformation behaviour in a higher group. This was proposed,
in fact, above with respect to SU (2), R;. The same procedure as regards point
groups is considered in detail by Hollebone et al. [ 14] and requires the subduction
of a component of a representation of the higher group onto an irreducible com-
ponent y of the subgroup representation I'.

The numerical values of the symmetry coupling coefficients of Eq. (6) and Eq.
(9) are thus uniquely determined by the methods outlined above. However, for
each possible arrangement of the three I' symbols within the coefficient (e.g. I';,
I, and I, in that order) and for every value of the index b, a common phase factor
remains undetermined.

3. The Determination of Symmetry Functions

Starting from the angular momentum eigenfunctions |jm), basis functions of
the irreducible representation I" within the subgroup G C SU (2), R; may be obtain-
ed according to

ilyay =} |jmy{jm|jTyay (24)
where v is the row index of I, It is convenient to take
<00|04,a,>=1 (25)

for any group G, where A, denotes the totally symmetric representation of G [15].
The index a is required whenever representation I occurs more than once in the
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decomposition of D/, In fact, the frequency ny of I' is determined by
1
= 2 4 R* 1,(R) - (26)
R

Equation (24) determines a unitary transformation and, therefore, the orthogonal-
ity relations of the expansion coefficients (jm|jI'ya) as follows

Y. jIyaljmy<jm|jTyay=8(I.I")5(xy)d(a,a)

Y <im|jTyay<jTyaljmy =5(.j)d(mm).

I'y.a

27

The determination of the coefficients {(jm|jI'ya)> may be based on Eq. {(16). If
the projection operator Eq. (17) is applied to the basis functions of Eq. (24), the
necessary and sufficient condition for the functions |jI"'ya) obtains as

. LI oV d L /AN A !
lilyay="Py|il"y ay = —gr Y Dy (R*RTY ay3(LIS(y) . (28)
R
The basis functions characterized by component y” obtain accordingly
. " I e/ d LIS al IS 1Al !
jIy"ay =Pl |jI"y ay = —*gr 2 DL (R*RIGTY ayd(IIo(my) . (29)
R

Although the relative phases between the basis functions |jI'ya) and {jI'y"a)
have thus been fixed by Eq. (29), a common phase factor for each combination of
J, T, and a still remains undetermined.

It should be observed that the condition Eq. (28) is equally well followed by a
linear combination of the functions |jI'ya) having a different index a. In the
actual calculation, it is practical to use the most simple one of the functions Eq.
(24). This function is formed if one operates with P, on |jm), thus

d s
Pl |jmy = —giz (I'y|R|TyY*R|jmy=|jTya). (30)
R

Here, the label a is simply a running index. Functions {jI'ya) having a different
value a must conform to the orthogonality condition

(G Iyd|Py,PyliTyay =6(i./)d(a.a). (31)

Alternatively, the characterizing index a in the functions |jI'ya) may be
associated with the different eigenvalues of an operator or a set of operators.
Another possibility is to apply P!, of Eq. (17) to the basis functions |[jI"y'a’) of
the irreducible representation I of a higher point group. Provided the reduction
of I' yields a single irreducible representation I' of the subgroup, index a may be
substituted by the representation I [15].

To derive an expression for the coefficients {(jm|jI'ya) we expand the func-
tions |jI'y" ay in Eq. (29) according to Eq. (24) and obtain thus

d
2 1jm5<mljry" ay = j;D%(R)* LRIjmymlil"y ayS(LIMo(y)  (32)
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Mulﬁplication by {jm"|, followed by multiplication {j'I"y"a|j'm’) and summation
over I, ¥, and a produces

v d )
Y o Gm|iry ay Iy aljmy = j Y DL(R* Y. Di,.(R)
I'y.a R m

© Y mliry ey Gy aljmy SN )60,

I';y.a

(33)

Employing the orthogonality relations Eq. (27) and changing double primes into
primes finally gives [15]

d ,
Y m'|j Iy ay < Tyaljm)y = j Y DL (R)* Di, (R). (34)

This equation may be used to directly evaluate the coefficients (jm|{jI'ya), again,
up to a common phase factor.

4. Symmetry Coupling Coefficients within the {j,I'} Scheme

Since the coefficients {jm|jI'ya) are the elements of a unitary matrix, multi-
plication of Eq. (24) by {jI'ya|jm) and summation over I, , and a yields the in-
verse equation

ljmy= Y |jI'ya) (jTyaljm) . (35)

Tv.a

Replacing, in Eq. (1), [jm), |j, my)>, and |j, m,)> according to Eq. (35), one obtains

Z [jTyay<jTyaljm) = Z Z Vilimao iz lay a2

I'y.a T'yv1.80 myme

T2,y2,a2 (3 6)
ymyjamapjmy Gy Lyypagljime) Galavaylizmyy .
Therefrom, multiplication by {jI"y'a’|jm)* and summation over m produces an
expression for the basis functions |jI'ya) transforming according to irreducible
representation I' of the subgroup G C SU(2), R;.

ljiTyay= Z ilinaljzTava)-Gilinagj. Iy azljlya) . (37)
I'i,y1,ay

I'2,y2,a2
In Eq. (37), the coupling coefficient within the {j,I'} scheme is defined as
Gilinagjayasljlyay = z Gamyjamy|jmy

. . . e . (38)
“Gilypagljim) GaIppa5]j,my) GTya|jm)*

This coefficient* may not necessarily always be obtained in real form, even if
suitable phases for the basis functions of Eq. (24) are selected.

2 The coefficient defined in Eq. (38) relates the matrix element of a tensor operator in a subgroup
G to the corresponding reduced matrix element in SU (2) or R, as follows [16]

Gilyiagd Tyjfrzaz 1aTs a3 = (=122 Mypag ljaTaysasja Dapaaa> - Gyl T21js)
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The Wigner coefficients of Eq. (1) likewise define a unitary matrix and, there-
fore, the inverse relation readily obtains as

ljimypljamyp = ZU"’O (mljimyjamy) (39
Jsm
Replacing all three kets in this expression according to Eq. (35) gives an equation
which is the inverse of Eq. (36)

Z Uiliyaolaaveaz Giliyadjimy Galayasljamy)

I'iyi,a
. o (40)
= > Y lilya) {jyaljm) jmljymyjmy) .

Iy.a jm

1o N

Multiplication by <j,m,|j; I'1y1ay> and by {j,m,|j,[57a,> and summation
over m; and m, produces

Z VilimaolizIava,) Z Gumilji My ai)

I'i,y1.01 my,ms
T3.v2,82

7

“iypagjim) Gamalj, Dapsay) G lapaayljamy)
= Z Tyay ymylji Fiyiai) Gamalja Iy, as)

I'y.a
my,mz

. Z Gryaljmy Gmljimyjomy) .
J.m
Employing the orthogonality relation Eq. (27) and introducing the coefficients
defined in Eq. (38) gives an equation which is the inverse of Eq. (37)
ilia iz lanas) = Z ilryay jlyaljilyyanjzlanay.  (42)

J.Tiy.a

(41)

On the basis of the orthogonality of their basis functions, the coefficients of Eq.
(37) and Eq. (42) form a unitary matrix. The corresponding orthogonality relations
are as follows

Z GyaljiDinag.jaavaayy Gilinagja Davaanlj Ty a>

I'iy1.a
Ia,y2,a2

= 0,V T7)0(3,7)6(a,a)
Z Gilvnagj.Doypayljlyay lyalj Iiypay,ja Iavsay)

jsT.y.a

=0l pa, Iy a)olaa,, 157, d5) .

(43)

5. Relations between Coupling Coefficients
and the Standardization of Phase

It has been shown in Section 2 that the numerical values of the symmetry
coupling coefficients <{I';y, I, 7,|"yb)> are determined by the transformation
properties of the basis functions, cf. Eq. (22). Consequently, a change of basis
function will imply at least a change of phase. It has likewise been shown that a
common phase factor still remains undetermined.
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Similar results were derived above for symmetry coupling coefficients of the
basis functions [jI'ya) within the {j,I'} scheme. Although the phase convention
[viz. Eq. (3)] for the Wigner coefficients {j, m,j,m,|jm) is included in the defini-
tion of Eq. (38), an arbitrary phase factor still arises for each set of values j, I, and
a. It is alone the phases between components y of irreducible representation I’
which have been fixed.

The various phase factors encountered above may be related on the basis of
a lemma by Racah [17]. The irreducible representations of a given group SU(2)
or R;, say, are in general reducible as representations of a subgroup GCSU(2),
R;. Racah’s lemma shows that the coupling coefficients for the irreducible repre-
sentations of SU(2), R, in block diagonal form (with respect to G) are proportional
to the coupling coefficients for the corresponding irreducible representations of G

Gilvnansjeyaa|jlyay = Z<F1V1F2?2|F7’b>(71F1a1ajzrzaz|jrab)- (44)
b

Here, the new coefficient in parentheses® is independent of the components y and,
due to the orthogonality of the two coupling coefficients, it conforms to the ortho-
gonality relations

Z(jlFlal,j2F2a2|jFab)(jFab'|j1Fia'l,jzféa’z)
5.a
=0(I' I, I'*)o(I',I'1) 65, 13)6(ay,a1)d(ay,a3)6(b,b)
Z (GlabljiIyay,jlha)(i I ag,j,lha,1j Ta'b)

I'y.a1
Ty,az,b

= 6(j1/2)0(./)6(a,a).

In Eq. (45), o(I', I, I'*) is one or zero, depending on whether or not the direct
product I'; x I, x I'* contains the unit representation and 4(j, j, ) is the triangular
delta*. If Eq. (44) is multiplied by

(45)

Giliyas i opaa|j Ty ad*
= 2T Lon Iy b (T dy, jp lads | T a by (46)
-

summation over v, and y, and application of the orthogonality relation Eq. (7)
gives

Z ilinanip oy @i Ty ay*<jiIiyaj, paljilyay
Y1.72
(47)
= Y S(LTNo(my)ob,b) (i I ay.ja D ay | I bY* - (1 Ty ay,j, T a,|jTab).
b,b’

3 The argument b in the coefficient of Eq. (44) is placed following the usage of Racah [17]. This
should be noticed, in particular, if sums are considered, viz. Eq. (45). The coefficient relates the reduced
matrix element of a tensor operator in a subgroup G and the corresponding reduced matrix element in
- SU(2) or R4 according to [16]

Gy Iy || T2 s ade, =(— 1)21'2(]-1 TyaibijsTyas.jalaz) - Gl T21js) -
* Ttisd(j, j.)=1if |j; —j,| £j<j; +j, and zero otherwise.
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This equation enables, in principle, the calculation of the coefficients (j; I'; a;,
JoI,a,|jTab). If several different indices b arise, however, no simple relation
obtains.

So far, the quantity b in |I'yb) has been used as a differentiating index which
assumes altogether n; values and which is dependent on I'y, I',, and T, viz. Eq. (9).
To define simple conditions, we let now the index b correspond to eigenvalues of
the angular momentum operator j°. In this case, |jI'ya) and |I'yb) are simply
related, since |j['ya) is eigenfunction of j to the same eigenvalue to which b corre-
sponds. Only a single set of coefficients <I';y, I',7,|'yb) is indeed required and,
therefore, one defines the so-called basis relations. These basis relations are
equivalent to the selection of a particularly simple set of n, basis functions |j 'y a).
As a consequence of the correspondence between b and j, the sums over b and b, b’
in Eq. (44) and Eq. (47), respectively, disappear. It is evident that the coefficients
(11 aq,j, 5 a,]jlab) may now be calculated on the basis of Eq. (47) and again
an arbitrary phase factor arises for each set of values of I'}, I';, T, and j.

In addition, a standardization of the general phase factor may be easily achiev-
ed if a simple convention is introduced. To this end, we always assume, in what
follows, that the correspondence between b and j discussed above is being em-
ployed. Since the coefficient {j, I'; yy a1,j, [2 72 a5 1j 'y a) in Eq. (44) always occurs
as product with its complex conjugate, we now require

(i Tyaq,j2,0,|jTab)=0  and real. (48)

Equation (48) implies that the coefficient (j, I'; a,,j, [, a,|jCab) is calculated as
the positive and real square root of Eq. (47) employing the values of j;, j,, j, and
a,, a,, a as specified by the basis relations. Consequently, Eq. (47) may now be
rewritten as

(111 a1,j,15a,1jT ab)
= +[ Z GilyysagjaTavaay|iTyay Gy vy ayjaDavaaqjlyad*|* (49)

V1,72
where the summation is over all components 7y, and y, of the irreducible represen-
tations I'; and I',. The convention of Eq. (48) now definitely settles the relation
between the phases of the coupling coefficients {I',y, I, 1,|I'yb> and {j, ', y, a4,
jaIavasljlya). Consequently, the lemma of Racah [cf. Eq. (44)] now assumes
the simple form

Lyy Doy |\ Tyby =y Dy agsja Dy aljlyay/ G Ty ag,jaIha, | jTab) . (50)

In this form the lemma is extremely useful since it may be directly applied to the
calculation of the coupling coefficients {I"yy, I, %, |I'yb) from quantities already
known. The derived relations are of general applicability to any point group
GCSU(2), R,S.

5 1f, in Eq. (44), a single j value is not sufficient for a specification of the label b, the additional
index a may be introduced. The equations following Eq. (44) then remain valid except that b should be
replaced everywhere by j, a. In actual practice, this requirement does not arise. Alternately, the index
a alone may be employed to differentiate the functions | I'yb>. However, this is of no advantage com-
pared to the correspondence between b and j.

5 An extension to the subgroups of the rotation-reflection groups, i.e. the direct product groups
of SU(2) or R, and the reflection group consisting of the unit E and the inversion I, is easily possible.
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6. Symmetry Coupling Coefficients for the Point Group D%.
An Example

To illustrate in detail the method outlined in this paper, we give below a com-
plete list of symmetry coupling coefficients for the point group D¥ and all relevant
information.

The symmetry coupling coefficients have been calculated on the basis of Eq.
(50). First of all, the basis functions of Table 1 (“basis relations™) are specified. The
expansion coefficients involved and the corresponding Wigner coefficients are
inserted into Eq. (38) and the indicated summations over m,, m,, and m are per-
formed. The resulting quantity is the numerator in Eq. (50), whereas the denomina-
tor is obtained from Eq. (49) where again Eq. (38) has been used.

The point group D% has been chosen, since two complex representations arise
in this case, and thus a definition of symmetric V coefficients (or alike 3-I" symbols)
is not possible in the usual way [20]. The resulting coefficients possess the sym-

Table 1. Basis relations for the group D%? Table 2. Symmetry coupling coefficients for D¥
Irreducible iy Y |jmy jm|jlyay i jok 1 m n Iy Lenl Lavy
representations " )

2 1 2 1 1 1 —1
Ay [jory 1y 10 0> 2 i 3 1 3 1 —1
. IR I
E, { WL b b 2 1 6 -1 6 —1 1
R N O § T 2 0t 4 15 1 -t
£ { [|2 Iy 1 (2 =P 2 01 5 1 4 1
! 20, —1> |2 2 31 3 3 - 1‘/_
1 1 1 3 1 3 “'1 1 1 1/ 2
Eipp { fgﬁ :> 'f f> 3001 3 -t 2 | 12
zls —1 '71_7> 3ot 3 -1 3 1 1/lf
3 R R NI 3 t 6 1 4 1 i/]/2
s, Vi[!z o —ilz =] 3 {6 {5 1 1/1/5
Esp { 301 6 -1 6 | 1
137 —03H+il2 -] 3 -t 6 1 6 —t —1
V2 3 -1 6 -1 4 1 —i)2
3 -1 6 -1 5 i/2
. . . 3 1 4 i 6 —1 i

* The symmetry tran_sformatlons provide positive 3 - 4 {6 1 1

rotations of the physical system. 3 { s {6 —t _;

° This set of functions is required alone for 3 1 5 {1 6 { 1

calculation of Iy + 15+ 1|5 F 1). 6 {6 13 { {

6 1 6 -1 1 1 1/)/2
6 1 6 -1 2 1 1/)/2
6 -1 6 —1 3 -1 1
6 1 4 i 3 —1 i
6 —1 4 t 3 1 —1
6 1 5 1 3 -1 —i
6 —1 5 i 3 1 —1
4 i 4 1 2 1 i
4 1 5 1 1 1 —i
5 1 5 2 1 —i
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metry property
iy Doy [Ty = (=Y 727Ky Dy Ty) (51)

which follows from Eq. (38) and Eq. (50) in conjunction with the properties of
vector coupling coefficients. Table 2 lists all the non-zero symmetry coupling co-
efficients of the group D¥ except those following from Eq. (51). To calculate the
coefficient (I'y+ 1T+ 1|3 F 1) =1 additional basis functions having j=2 have
to be introduced. In this special case, the phase factor in Eq. (51) disappears

(jl =j,= 1,j=2)-

7. General Discussion and Comparison With Previous Authors

On the basis of the methods outlined above, the present authors have calculat-
ed symmetry coupling coefficients for all relevant molecular point groups, single
as well as double groups. A complete listing of these coupling coefficients will be
given elsewhere. The program which has been written for this purpose has
now been in use for several years as part of a general program for molecular com-
putations. This fact guarrantees, contrary to previous choices of phase, the full
applicability of the present standardization and the absence of any difficulties in
actual computations.

At first sight it might seem less advantageous that the present phase choice
yields, in part, signs of coupling coefficients which are different from those used
in the past. This consequence is unavoidable, however, and is more than compen-
sated by the uninhibited applicability of the present method. It seems to be a
propos, in this context, to briefly review the phase conventions of previous authors.

In the classic work by Tanabe and Sugano [6] and Griffith [ 7], the assumption

i yp| Ty =L iy Ty) (52)

has been used for I'; # I',. It should be noted that Eq. (52) is not consistent with
the symmetry requirements for most coupling coefficients introduced thereafter
and it is neither consistent with the present phase standardization. The V coeffi-
cients of Griffith [8] are related to the symmetry coupling coefficients of Eq. (6) by

V(Fl I, T

! y) () KT B T (53)
1 2

where dr is the dimension of irreducible representation I'. Since the V coefficients
are, at most, changed in sign by any permutation of their columns, the phases of a
set of related V coefficients are well defined. However, for each different trio of
Iy, Iy, and T, a free phase factor still arises. These remaining phases have been
fixed arbitrarily. Difficulties arise if complex representations of single groups are
considered, and Eq. (53) is definitely not applicable to double groups. The relation
to the phase choice, for the octahedral group, of Tanabe and Sugano [6] and
Griffith [7] has been given (viz. Appendix A4 of [8]). Although Golding [11] has
never specified his phase choice explicitly, from the example cited it may be de-
monstrated that he implicitly assumes C(j, j,j; I'; I,) = 07. This coefficient corre-

7 In Rel;.h[1 1], the coefficient C(jj,jzI'; I';) has been incorrectly assumed as independent of I
Note the substitution of I" for I'; in [117].
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sponds, in fact, to the quantity (j, I'; a,,j, ', a,|j I ab) which we introduced in Eq.
(44) above. It follows that our phase choice is in agreement with that of Golding.
However, this is of no consequence, since the latter author has considered the
group O* exclusively. In the recently suggested 3-I" symbols [12], there is again
an independent choice of phase for each ordered trio of I'y, I',, and I'. The indeter-
minacy of phase is circumvented by application of the Wigner-Eckart theorem
where the reduced matrix element is arbitrarily defined as real and positive. This
definition, although equivalent to Eq. (48) above, is again of no consequence. It
requires, in fact, the choice of real basis functions as well as real 3-I symbols which
should not be confused with the 3-j symbols of Wigner. These conventions are
dictated by the requirements of the angular overlap model [18, 19] to which the
application is then essentially limited. The symmetry coupling coefficients listed
by Koster et al. [9] have been calculated on the basis of Eq. (22). As stated above,
a common phase factor occurs in this case for each ordered trio of I'y, I',, I', and
for each b. This phase has been arbitrarily fixed, although the way in which this
was done, has not been stated.

It is evident that a unique standardization of phase is required. Compared to
previous conventions, the present standardization has the definite advantage of
being generally applicable to any point group G, single or double group. In addi-
tion, the lemma of Racah may now be employed, in conjunction with the basis
relations and the phase convention for Wigner coefficients, to calculate symmetry
coupling coefficients from the known coefficients in the {j,I'} scheme. It will be
shown in a separate study [20] that a definition of symmetrized 3-I" symbols may
be proposed as a consequence.

The standardization of the general phase factor is of utmost importance if
completely computarized methods [16] are used for the calculation of molecular
properties within a given point group G. In this case, all symmetry based quantities
must be chosen in identically the same form each time they occur, rather than in
an equivalent form.

The methods outlined above will be particularly useful in conjunction with the
generalized Wigner-Eckart theorem [16]. This relation is being employed to ra-
tionalize the results of various physical measurements by extracting suitable sets
of semi-empirical parameters from the experimental data. Well-known areas of
application are, e.g., to susceptibilities and effective moments in magnetism, g
values and HFS splitting constants in electron paramagnetic resonance, energies
and probabilities of tfansition in optical and ultraviolet spectroscopy, as well as
quadrupole splittings in the Mossbauer effect.
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Note Added in Proof. After submission of this manuscript, the method of phase standardization
proposed here (viz. Eq. (48)) has been employed in the special case of the double groups O* and I* by
two independent authors (cf. S. E. Harnung, Mol. Phys. 26, 473 (1973) and R. M. Golding, Mol. Phys.
26, 661 (1973)). In addition, the same correspondence for the Kronecker multiplicity index b as that
discussed in Sect. 5 above has been implicitly used. In distinction to these authors, the present formula-
tion is of general applicability to any molecular point group and provides, at the same time, a con-
venient scheme for computation of the required coupling coefficients.
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